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Abstract. We investigate Gaussian actions through the study of their crossed- 
product von Neumann algebra. The motivational result is Chifan and Ioana's ergodic 
decomposition theorem for Bernoulli actions ([4]) that we generalize to Gaussian 
actions (Theorem A). We also give general structural results (Theorems l3.4l and l3.8[l 
that allow us to get a more accurate result at the level of von Neumann algebras. 
More precisely, for a large class of Gaussian actions T rv X, we show that any 
subfactor N of L°°(X) x: V containing L°°(X) is either hyperfinite or is non-Gamma 
and prime. At the end of the article, we show a similar result for Bogoliubov actions. 



1. Introduction 

During the past few years, the strategy of using von Neumann algebras to study 
probability measure preserving (p.m. p.) actions (or more generally p.m. p. equivalence 
relations) has led to several breakthroughs. This fact is mainly due to the deforma- 
tion/rigidity technology developed by Popa ([19, 20||2T1[22]) in order to study finite 
von Neumann algebras. 

Crossed-product von Neumann algebras fit well in the context of deformation /rigidity, 
especially when the action involved is a Bernoulli type action. Indeed, Bernoulli actions 
admit nice deformation properties, being s-malleable in the sense of Popa ([19]), but 
also a very strong mixing property. Thus these actions have been intensively studied 
and many deep results have been discovered (see [H [12j Q3] for example). 
Another class of s-malleable actions is Gaussian actions. Recall that if T is a countable 
group and 7r : T — > U(H) is a unitary representation of T, there exist (see [T7| for 
instance) a standard probability space (X, fi) and a pmp action of T on X, such that 
H C L 2 (X), as representations of T. This action is called the Gaussian action induced 
by the representation tt. 

Although Gaussian actions are not as mixing as Bernoulli actions, we show that 
some results about Bernoulli actions can be generalized. This will be the case of the 
following theorem. 

Theorem 1.1 (Chifan-Ioana, [1]). Let T r\ I be an action of a discrete countable 
group on a countable set I, with amenable stabilizers (i.e. Stab(i) = {g £ T, g ■ i = i} 
is amenable for all i 6 I). Consider the generalized Bernoulli action V r\ ([0,1], Leb) 1 
given by g • (xi)i = (x g -i.j)i and TZ^ = 1Z(F r> ([0, 1], Leb) 1 ) the associated equivalence 
relation. 

Then is solidly erg odidl that is, 7£p has the following property : 
"For any sub-equivalence relation 1Z C VJ V , there exists a countable partition X = 
UneN °f X into measurable IZ-invariant subsets with : 

• TZ\x hyperfinite ; 

• 1Z\x n is strongly ergodic for all n > 1." 

Moreover, a similar decomposition applies for any quotient relation oflZ. 



Terminology introduced by Gaboriau in [8] Section 5]. 
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Recall that a pmp equivalence relation on (X, p) is said to be strongly ergodic if 
for any asymptotically invariant sequence (A n ) of measurable subsets of X, one has 
limn A*(Ai)(l — vi-An)) = 0. Also a pmp equivalence relation S on a space X' is a 
quotient of a pmp relation 1Z on X if there exists an onto pmp Borel map p : X — > X' 
such that 5 = p (y2 \lZ), where p( 2 \x,y) = (p(x),p(y)). 

As Chifan and Ioana explained in their paper, Theorem 11.11 is related to Gaboriau 
and Lyons's theorem on von Neumann's problem about non-amenable groups^ : In [9], 
Gaboriau and Lyons gave a positive answer to von Neumann's problem in the mea- 
surable setting. It turns out that one of the main steps of their proof can be deduced 
from Theorem 1 1.1 1 For a survey on that topic, see |llj . 

To prove Theorem 11.11 Chifan and Ioana showed [H Proposition 6] that a measure- 
preserving equivalence relation on a probability space (X, p) is solidly ergodic if and 
only if Q'nLIZ is amenable for any diffuse subalgebra Q C L°°(X, p). Here LIZ denotes 
the von Neumann algebra associated to 1Z ([Zj). 

With the same strategy, we will prove the analogous result for Gaussian actions, 
with reasonable restrictions on the representation we start with. 

Definition 1.2 (Vaes, [29]). A representation it : T rx 0{H) of a discrete countable 
group r is said to be mixing relative to a family S of subgroups of T if for all £, rj £ 
H and e > 0, there exist gi, ■ ■ ■ , g n , hi, ■ ■ ■ ,h n £ T and Si, • • • , S n £ S such that 
\(TT(g)C,v)\ < £, for all g £ T \ U^. 

Theorem A. Let n : Y — > 0(H-g) be an orthogonal representation of a countable 
discrete group V. Denote by T rx (X,p) the Gaussian action associated to it, and 
by TZ W the corresponding equivalence relation on X. Assume that the following two 
conditions hold : 

(1) Some tensor power of ir is tempered ( meaning weakly contained in the regular 
representation) ; 

(2) ir is mixing relative to a family S of amenable subgroups ofT. 
Then TZ n is solidly ergodic. 

Under an extra mixing condition on ir, we get more accurate result on the the 
strongly ergodic pieces that appear in solid ergodicity. Moreover, we prove that a 
similar decomposition applies to more general algebras than algebras coming from 
subequivalence relations. First, we define a weak version of malnormality. 

Definition 1.3. A subgroup £ of a group A is said to be n-almost malnormal (n > 1), 
if for any g\, ■ ■ ■ ,g n £ A such that g~ X gj ^ £ for all i / j, the subgroup nf^c/jS^" 1 
is finite. It is said to be almost-malnormal if it is n-almost malnormal for some n > 1. 

Theorem B. Assume that condition (1) of Theorem A holds and that n is mixing 
relative to a finite family S of amenable, almost-malnormal subgroups of T. Denote 
by M = L°°(X) xi T the crossed-product von Neumann algebra of the Gaussian action 
r rx (X,p) associated to it. 

Let Q C M be a subalgebra such that Q -^m LT. Then there exists a sequence (p n )n>o 
of projections in Z(Q) with Y2 n Pn = suc h that : 

• poQ is hyperfinite ; 

• PnQ is a prime factor and does not have property Gamma. 



Von Neumann's problem asks whether every non-amemable group contains a copy of a free group 
or not. 
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The following classes of representations satisfy the conditions of the two theorems 
above : 

• Quasi-regular representations V r% £ 2 (T/T>) with £ < T amenable and almost 
malnormal. Indeed, if £ is amenable one checks that the associated quasi- 
regular representation is tempered. As explained in Example 12. 5\ in this case 
the associated Gaussian action is the generalized Bernoulli shift. Hence, The- 
orem A is indeed a generalization of Theorem 11.11 

• Strongly £ p representation^ with p > 2. Sinclair pointed out in |26j (using 
[6l [25]) that these representations admit a tensor power which is tempered, 
and they are clearly mixing. 

As we will see in section 2.3, if the representation we start with is strongly t v for p > 2, 
but not tempered, then the associated Gaussian action is not a Bernoulli action. 

At the end of the article, we prove the following adaptation of Theorem B in the 
context of Bogoliubov actions on the hyperfinite Hi factor (see section 5 for details). 

Theorem C. Assume that the representation tt is mixing relative to a finite family S of 
almost-malnormal amenable subgroups of V and has a tensor power which is tempered. 
Consider the Bogoliubov action T rx R on the hyperfinite II\ factor associated to ir, 
and put M = R x T. 

Let Q C M be a subalgebra such that Q -^m LT. Then there exists a sequence (p n )n>o 
of projections in 2(Q) with YlnPn = 1 such that : 

• poQ is hyperfinite ; 

• PnQ is a prime factor and does not have property Gamma. 

About the proofs of the main theorems. The proofs of Theorems A and B (and 
C as well) rely on a localization theorem (Theorem 13. 4p for subalgebras in the crossed- 
product M = L°°{X) x T, in the spirit of Theorem 5.2 of [19]. In fact this is a 
generalization of Theorem 4.2 in |13j . and the proof follows the same lines. Theorem 
A will be an immediate consequence of that result (modulo a spectral gap argument), 
whereas Theorem B will require more work on the ultraproduct von Neumann algebra 
of M (Theorem 

Structure of the article. Aside from the introduction this article contains 4 other 
sections. Section 2 is devoted to preliminaries about Gaussian actions and intertwin- 
ing techniques. In Section 3, we use deformation/rigidity techniques to locate rigid 
subalgebras in the crossed-product or in its ultraproduct (Theorems 13.41 and I3.8p . In 
section 4, we prove Theorems A and B. The proof of Theorem C is presented in an 
extra-section, devoted to Bogoliubov actions. 

Acknowledgement. We are very grateful to Cyril Houdayer for suggesting this prob- 
lem, and for all the great discussions and advice that he shared with us. We also thank 
Bachir Bekka for explaining Proposition 12.91 to us. 

2. Preliminaries 

2.1. Terminology, notations and conventions. In this article, all finite von Neu- 
mann algebras are equipped with a distinguished faithful normal trace r. 
Every action of a discrete countable group r on M is assumed to preserve the trace, 
and M x V denotes the associated crossed-product von Neumann algebra, equipped 



A representation 7r on H is said to be strongly i p if for all e > 0, there exists a dense subspace 
H dH such that for all e H , ((7r(ff)£, 77}) G £ p+£ (r), [25] 
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with the trace defined by r(xu g ) = TM{x)5 g , e , for all x £ M, g £ T. 

If M is a finite von Neumann algebra, denote by L 2 {M) the GNS construction of 

M for its distinguished trace. For a subspace H C L 2 (M), put H* = JH, where 

J : L 2 (M) — > L 2 (M) is the anti-linear involution defined by x i— >• x*, for x E M. 

If Q C M are finite von Neumann algebras, the distinguished trace on Q is obviously 

the restriction of the distinguished trace on M, and we write Eq : M — >• Q for the 

unique trace-preserving conditional expectation onto Q and eg : L 2 (M) — > L 2 (Q) for 

the corresponding projection. Also, U(M) refers to the group of unitary elements in 

M, and Mm{Q) = {u £ U(M) \ uQu* = Q} denotes the normalizer of Q in M. 

If P,Q C M are von Neumann algebras, an element x G M is said to be P-Q-finite if 

there exist x%, • • • , x n , y%, ■ ■ ■ ,y m G M such that 

n m 

xQ C Pxi, and C UjQ- 
i=i j=l 

The quasi-normalizer of Q C M is the set of Q-Q-finite elements in M , and is denoted 

Finally, given a von Neumann algebra M and two M-M bimodules H and K, we 
write C w K to denote that H is weakly contained in K. Moreover if H and K are 
two M-M bimodules, we denote by H ®m K the Connes fusion tensor product of H 
and K ([16]). If f G P is a right bounded vector, and rj £ K, the element of H 0m K 
corresponding to £ ® 77 is denoted £,®m V- 

2.2. Popa's intertwining technique. We recall in this section one of the main in- 
gredients of Popa's deformation/rigidity strategy : intertwining by bimodule. 

Theorem 2.1 (Popa, [20] 122]). Let P,Q C M be finite von Neumann algebras and 
assume that Q C M is a unital inclusion. Then the following are equivalent. 

• There exist projections p £ P, q £ Q, a normal *-homomorphism ip : pPp — > 
qQq, and a non-zero partial isometry v £ pMq such that xv = vip(x), for all 
x £ pPp ; 

• There exists a P-Q subbimodule H of L 2 (lpM) which has finite index when 
regarded as a right Q-module ; 

• There is no sequence of unitaries (u n ) £ U{P) such that \\EQ(x*u n y)\\2 — > 0, 
for all x, y £ M . 

Following [20] . if P, Q C M satisfy these conditions, we say that a corner of P 
embeds into Q inside M, and we write P -<m Q- 

Note that there also exists a "diagonal version" of this theorem (see Remark 3.3 in [28 
for instance) : If (Qk) is a sequence of subalgebras of M such that P -/<m Qk for all k, 
then one can find a sequence of unitaries u n £ U(P) such that lim n \\EQ k (xu n y)\\2 = 0, 
for all k E N. 

We also mention a relative version^ of Theorem 12.11 

Lemma 2.2 (Vaes, [28]). Let B C M be finite von Neumann algebras, and H C L 2 (M) 
a B-B sub-bimodule. Assume that there exists a sequence of unitaries u n £ U{B) such 
that 

lim \\e B {xu n £)\\ 2 = 0, for all x £ M, £ £ . 

n 

Then any B-B sub-bimodule K of L 2 (M) with dim(i^s) < 00 is contained in H. In 
particular, the quasi-normalizer QN 'm(B)" is contained in H D H* . 



meaning relative to a subspace of L 2 (M) 
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Finally we state a specific intertwining lemma, more adapted to crossed-product 
von Neumann algebras. Assume that T is a discrete countable group, and that S is a 
family of subgroups of T. Following [2, Definition 15.1.1], we say that a subset F of T is 
small relative to S, if it is of the form U^L^jEj/ij, for some g%, ■ ■ ■ , g n , h%, ■ ■ ■ , h n G T, 
and Ei, • • • , E n G S. 

Also, for any F C T, denote by Pp G B(L 2 (M)) the projection onto span{au 9 | a G 
A,gGF}. 

Lemma 2.3 (Vaes, [29J). Assume that T r\ N is an action on a finite von Neumann 
algebra, and write M = N x T. Let p G M be a projection and B C pMp be a von 
Neumann subalgebra. The following are equivalent. 

• B y^M N x E, for every E G S ; 

• There exists a net of unitaries Wi G U{B) such that \\PF{wi)\\2 for every 
subset F C r that is small relative to S. 

2.3. Gaussian actions. We will use the following definition of the Gaussian functor, 
taken from |29j . It can be checked that this characterizes both of the constructions 
given in [1, Appendix A. 7] or [17] . 

Assume that Hr is a real Hilbert space. Denote by (^4, r) the unique pair of an 
abelian von Neumann algebra A with a trace r, and A is generated by unitaries 
(w(0)teH u such that : 

a) u>(0) = 1 and w(£, + rf) = w(^)w(r]), w(^)* = w(—£), for all £,77 G iTjg; 

b) r(t«(0) = exp(-||£|| 2 ), for all £ G Ar. 

It is easy to check that these conditions imply that the vectors (w(0)^eH R are linearly 
independent and span a weakly dense *-subalgebra of A, so that (A, r) is indeed unique. 

Now, for any orthogonal operator U G O(H^), one can define a trace preserving 
automorphism 6\j of A by the formula 9u{w{^)) = w(U£). Hence, to any orthogo- 
nal representation it : T — > O(H^) of a group T, one can associate a unique trace 
preserving action a n of T on A such that (a n ) g (w(^)) = w(ir(g)£). This action a n is 
called the Gaussian action associated to it. In that context, A will also be denoted A n . 

In the sequel, T will denote a discrete countable group, and all the representations 
considered are assumed to be orthogonal. 

Remark 2.4. Let it a representation of T and write A = L°°(X,n). Naturally, a n 
induces a measure preserving action of T on (X, fj,) . Abusing with terminology, this 
action is also called the Gaussian action associated to ir. 

Example 2.5. If T acts on a countable set I, then the Gaussian action associated to 
the representation tt : F — > 0(£^(I)) is the generalized Bernoulli action with diffuse 
basis ra[0,l] ; . 

Proof. Denote by /Uo the Gaussian probability measure on M. : 

/io = ex:p(— x 2 /2)dx, 

V 2vr 

and put X = IR 7 , equipped with the product measure \i = ®i[iq. Also, for all k G I 
denote by Pk : X — > R the projection on the k th component. Then (Pk)kel is an 
orthonormal family in L 2 (X,fi), so that one can define an embedding (j) : £\{I) — > 
Ll(X,n) by 4>{5 k ) = P k , for all k G I. 

Now, for all £ G P ut ^(0 = exp(*V20(f)) G U(L°°(X, //)). It is easily checked 

that these vectors satisfy conditions a) and b) above, and that the action of T on / 
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is transformed into a shift of variables. Finally, the last thing to verify is that the 
von Neumann algebra A generated by the io(£)'s is equal to L°°(X,fj,). To do so, fix 
an increasing sequence (X n ) n of compacts subsets of X such that U n X n = X and 
lim n fi(X n ) = 1 and put p n = lx n £ L°°(X,fj,), n S N. Stone- Weiertrass' theorem 
implies that for all n, Ap n contains C(X n ), showing that A = L°°(X). □ 

Lemma 2.6. Let tt be a representation ofT. Then A n ^ n ~ A n ®A n and under this 
identification, a n ® n = a n a n . 

Proof. Note that A w © A w is generated by the unitary elements w(£) <g) 10(77), f° r £j V 6 
H-r, which satisfy the same relations as the w(£ © ry)'s. Therefore the map u>(£ ©77)1—^ 
w(£) © 10(77), C,r] 6 i?K extends to a *-isomorphism from ^4^®^ onto ^ Ar, that 
intertwines the actions 0^0^ and a n © a^. □ 

Using an explicit construction of the Gaussian action (e.g. |17j). one can see that 
for a representation tt of T, L 2 (^4 7F ,t) is isomorphic (as a T-representation) to the 
symmetric Fock space S(H) = C$7 © (B n >i i?® n of ii\ From that remark follows the 
following result (|17j). 

Here cr° denotes the unitary representation of F on L 2 (A w ,t) © C induced by a^. 

Proposition 2.7 (Peterson-Sinclair, |17|). Let ir a representation ofT. LetV be any 
property in the following list : 

(1) being mixing ; 

(2) being mixing relative to a family S of subgroups ofT ; 

(3) being tempered. 

Then ir has property V if and only if does. 

As pointed out by Sinclair ([26]). the previous proposition is also valid for the 
property : "having a tensor power which is tempered" . 

As promised in the introduction, we end this section by showing, for a large class 
of groups the existence of Gaussian actions satisfying the assumptions of Theorems A 
and B, but which are not Bernoulli actions. 

Proposition 2.8. If it is a strongly £ p representation, p > 2 which is not tempered, 
the associated Gaussian action is not a Bernoulli action (with diffuse basis). 

Proof. Assume that two representations n and p induce conjugate Gaussian actions. 
Then Proposition 12.71 implies that tt is mixing (resp. tempered) if and only if p is 
mixing (resp. tempered). But for a representation V — > 0(£ 2 (I)) coming from an 
action T r\ I, being mixing implies being tempered (because the stabilizers have to be 
finite). 

Therefore if a representation is mixing but not tempered, its Gaussian action cannot 
be conjugate to a generalized Bernoulli action with diffuse basis. □ 

Proposition 2.9 (Bekka). Every lattice T in a non-compact, simple Lie group G with 
finite center admits a unitary representation which is strongly £ p for some p > 2, but 
not tempered. 

Proof. It is a known fact that G admits an irreducible representation tt with no invari- 
ant vectors which is not strongly l q , for some q > 2. By [6], tt is not weakly contained 
in the regular representation of G. But by Theoreme 2.4.2 and Theoreme 2.5.2 in [5], 
there exist a p > 2 such that tt is strongly £ p . 

We check that 7T|p satisfies the proposition. It is easy to check that being strongly 
£ p is stable by restriction to a lattice, so we are left to prove that 7T|p is not weakly 
contained in the left regular representation Ar of T. Denote by Ac the left regular 
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representation of G. 

Assume by contradiction that 7T|p is weakly contained in Ar- Then by stability of 
weak containment under induction, we get that Indp(7T|r) is weakly contained in 
Xg = Indp(Ar). However, Indp(-7T| r ) = tt © Ind r (lr)j and since T has finite co-volume 
in G, the trivial G-representation is contained in Indp (lr) = ^G/r- Altogether, we get 
that 7r is weakly contained in Ac, which is absurd. □ 

Remark 2.10. Every ICC lattice T in Sp(n, 1) admits a strongly £ p representation 
such that the crossed-product von Neumann algebra of the associated Gaussian action 
is not isomorphic to the crossed-product algebra of a Bernoulli action with diffuse 
basis. 

Indeed, propositions 12.81 and 12.91 provide a strongly l v (p > 2) representation ir such 
that the associated Gaussian action a is not conjugate to a Bernoulli action (with 
diffuse basis). But Theorem 0.3 in [18] applies, so that a is OE-superrigid. Indeed, V 
has property (T) and is ICC, a is free and mixing because ir is mixing (hence faithful 
since T is ICC), and the next section shows that Gaussian actions are s-malleable 
in the sense of Popa. Moreover, [21] implies that since T is hyperbolic, the crossed- 
product von Neumann algebra associated to a admits a unique Cartan subalgebra up 
to unitary conjugacy. By [7J, we obtain that a is W*-superrigid. 

3. A LOCALISATION THEOREM FOR RIGID SUBALGEBRAS IN THE CROSSED-PRODUCT 

The goal of this section is to prove Theorem 13. A\ and Theorem 13.81 allowing to locate 
rigid subalgebras in the crossed-product von Neumann M associated to a Gaussian 
action, or in its ultraproduct M u . 

3.1. The malleable deformation associated to a Gaussian action. From now 
on, 7r : r — > 0(H]$) will denote a fixed orthogonal representation of a countable dis- 
crete group r on a separable real Hilbert space. In this fixed situation, we will remove 
all the it's in the notations, and simply denote by a : T r\ A the Gaussian action 
associated to tt. We use the standard s-malleable deformation of a (|17J). We recall 
the construction for convenience. 

Consider the action a © a of T on A® A. By lemma I2U1 this is the Gaussian action 
associated to ir © ir. 
Define on © the operators 

„ _ f 1 A ar , H - ( cos (^/ 2 ) -sm(^/2)\ 

Here are some trivial facts about these operators : 

• Vt € R, p o t = 9- t o p ; 

• Ot and p commute with (tt © n)(g) for all g £ T, t G E ; 

• Vs,t£R, e s oe t = e t+s . 

Therefore p and (9t) induce respectively an automorphism f3 and a one-parameter 
family (at) of automorphisms of A ©A that commute with a © a, and such that 
/3 o at = a~t o f3 for all i £ I. Observe also that a% = e o (3, where e is the flip 
a © b i — y h © a. 

Now consider the crossed-product von Neumann algebras M = A x V and M = 
(A © A) Xo-^oT. View M as a subalgebra of M using the identification M ~ (A® 1) xT. 
The automorphisms defined above then extend to automorphisms of M still denoted 
(at) and /3, in a way such that at(u g ) = /3(u g ) = u g , for all g £ T. 

Being s-malleable, this deformation satisfies Popa's transversality property. 
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Lemma 3.1 (Popa's transversality argument, [E]). For any x G M and t 6 I one 

has 

\\x - a 2t (x)\\2 < 2\\a t (x) - E M ° a t (a;)||2- 

We then check in the following two lemmas that the inclusion M C M satisfies the 
standard spectral gap property (see [H]), which goes with rigidity phenomena. 

Lemma 3.2 (Spectral Gap 1). Let M C M be finite von Neumann algebras and 
put H = L 2 (M) Q L 2 (M), with the natural M-M bimodule structure coming from 
mL 2 (M)m ■ Assume that some tensor power of mHm is weakly contained in the coarse 
bimodule : 

3K > 1, H® mK := H ® M • • • ®m H C w L 2 (M) ® L 2 (M). 

Let to G /3N \ N be a free ultrafilter on N. Then for every subalgebra Q C M with no 
amenable direct summand, one has Q' M u C M w . 

Proof. First, note that if H® mK is weakly contained in the coarse M-M bimodule, 
then this is also the case of H® mK+1 . Hence one can assume that K is of the form 
K = 2 fc , which will be used later. 

Now fix Q C M such that Q' n M w ^ M" . We will show that Q has an amenable 
direct summand. 

Since Q' n M u M u , there exist a sequence x n G (M)i such that : 

• x n G L 2 (M) Q L 2 (M), for all n G N ; 

• There exists e > such that ||x n ||2 > e for all n G N ; 

• lim n \\[u, x n ]\\2 = for all u G U{Q) ; 

• Xn X n - 

Since x n G {M)\ for all n G N, the vectors x n G H are left and right uniformly 
bounded, and one can consider the sequence £ n = x n 0m • • • ®M x n G H® mK . 
One checks that these are almost Q-central vectors, because the Let's show 

that up to some slight modifications they are Qq-tracial as well, for some q G Z(Q). 

For all n, define by induction elements y^ G M, i = 1, • • • ,K by y^ = EM{Xn), 
Vi+\ = EM^XnVi x n)- Then an easy computation gives, for all n G N and a G M, 

(o£n,£n) = (ax n yP_ v x n ) = r(ay$). 

Moreover, for all n G N, ||x n || < 1 implies ^y K || < 1. So taking a subsequence if 
necessary, one can assume that [y^ ) converges weakly to some b G Q' n M+ . 
Claim. r(6) > e 2 ^, so that b G -M is a nonzero element. 
To prove this claim, first observe that for any 1 < i, j < K — 1, one has : 

7"(y- n = T(yl n) EMix-nV^ x n )) = r(y| n) x n y] n) x n ) 

= r(£?M(^ B) x„)yf )=r(yWyW). 

Remembering that K = 2 k , the relation above and Cauchy-Schwarz inequality give : 



>r(y^ 1 ) 2 >--->r(y^f k - 1) 
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This proves the claim. Therefore there exists 5 > such that q = X[8,oo[(EQ(b)) 7^ 0- 
Note that q G Z(Q) and take c G such that q = c£'q(6). 

Finally, we get that the sequence rj n = c 1 / 2 • £ n G H® mK satisfies : 

• (?7 n ) is almost Qg-tracial : Va G Qg, h m n(fl^n ; ^n) = rfV^ac 1 / 2 ^ = r(aq). 

• (r/ n ) is almost Q-central. 

Therefore as Qq-Qq bimodules, we have : 

L 2 (Qq) C w H® mK C w L 2 (M) ® L 2 (M) C w L 2 (Qg) ® L 2 (Qq), 

so that Qg is amenable. □ 

Lemma 3.3 (Spectral gap 2). Assume that the representation ir is such that tt® k -< A 
for some K > 1, then the bimodule mH m = L 2 (M) L 2 (M) is such that H® M K is 
weakly contained in the coarse bimodule. 

Proof. As in the proof of Lemma 3.5 in [29J, for any representation n : T — > U(K), 
define a M-M bimodule structure 7i v on the Hilbert space l?(M) ® K, by 

(au g ) ■ (x ® £) • (buh) = augxbuh %(0) f° r au a,b £ A, g,h £ T, x £ M, £ G K. 

Since A is amenable then T~L V is weakly contained in the coarse bimodule whenever r\ 
is tempered. 

But remark that the M-M bimodule L 2 (M) Q L 2 (M) is isomorphic to W 7 * , and that 
for two representation rji, 772 of T, Ti 111 ® m H 7 * 2 = T-L^ 1 ^ 2 . Moreover, from the comment 
after proposition 12. 7\ we have that {a®)® K is tempered. This ends the proof. □ 

3.2. Position of rigid subalgebras in M. Our aim here is to show the following 
theorem, which is an adaptation of [13, Theorem 4.2] in the framework of Gaussian 
actions. 

Theorem 3.4. Assume that tt is mixing relative to a family S of subgroups ofT. Put 
M = A xi r and define M and (at) as in the previous subsection. 
Let Q C pMp be a subalgebra such that there exist z G M, to = l/2 n (n > 0) and 
c > satisfying 

\r(at (u*)zu)\ > c, for all u G U(Q). 
Put P = MpMp(Q)" ■ Then at least one of the following assertions occurs. 

(1) P -< M A x S, for some S G S ; 

(2) Q < M LT. 

Moreover, if the elements of S are almost malnormal in the sense of definition \1. 6 J[ 
then the above dichotomy can be replaced by : 

(V) Q^a/C1 ; 

(2') P^ M Ax S, for some S G S ; 
(3') P < M LT. 

Before proving this theorem, we give two lemmas regarding the position of normal- 
izers of subalgebras in M in some specific situations. The first lemma below is Lemma 
3.8 in [29], whereas Lemma 13.61 is a variation of Lemma 4.2 in [28]. 

Lemma 3.5 (Vaes, [29J). Assume that tt is mixing relative to a family S of subgroups 
ofT. Let N be a finite von Neumann algebra, and T rx N any action. Put Mq = iVxr, 
and M = (A <g> N) xi T. 

Let p G Mq be a projection and Q C pM^p a von Neumann subalgebra such that 
Q y^ Mo iV»E, for all S G S. Then M.^JQ) C pM p. 
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The previous lemma will be used in the special cases where r r\ N is either the 
Gaussian action (and Mq = M, Mq = M), or the trivial action (and Mq = LT, 
M = M). 

Lemma 3.6. Assume that £ < V is a subgroup. Put I = T/S and consider the 
action of T on I obtained by multiplication to the left. For a subset I\ C /, write 
Stab(Ii) = {g G T | g ■ i = i, Mi G h} and Norm(Ii) = {g G T \ g ■ h = h}. Let T r\ N 
be any action on a finite von Neumann algebra N , and set Mq = N x T. 
Let p G L(Stab(/i)) be a projection and B C pL(Stab(Ii))p a subalgebra such that for 
all i £ I \ I\, B 7^stab(ii) £(Stab(7i U {i})). Then the quasi-normalizer of B in pM§p 
is contained in p (N x Norm(ii))p. 

The proof of this lemma is exactly the same as the proof of 4.2 in |28j . We include 
it for the sake of completeness. 

Proof. By the comment following Theorem 12.11 (diagonal version of that theorem), 
there exists a sequence w n £ U{B) such that for all i G I\ 1%, and all g, h G Stab(Ii), 

lim\\E L ( Stah{hu{i}) (ugW n u h )\\ 2 = 0. 

Define a B-B bimodule H C L 2 (Mq) as the closed span of the xu g , with x G N and 
g G T such that gh C I\. Observe that H n H* = L 2 (N x Norm(ii)). Hence by 
the relative intertwining lemma |2T2"1 it is enough to show that for all x G Mq, and all 

lim \\e B (xw n (,)\\2 = 0. 

n 

We can assume x = au g , ^ = buh, for a,b G N, g,h G T, and hl\ ^ I\. So write 
w n = Efcestab(li) ^n,kUk, K,k G C. We have 

\\E L (st & h(i x )){augWnbu h )\\l = \T{aa gk (b)\ 2 \\ n)k \ 2 . 

fceStab^^ng" 1 Stab(7i)h- 1 

But note that if X = Stab(ii) n g^ 1 Stab(/i)/i~ 1 is non-empty, then it is contained in 
kQ Stab(/i U {«}), for any ko G I, i G hl\ \ I\. Hence, 

\\E L {^b{h))( au g w nbuh)h < llalbll^lbll-ELCStabC/iuW)^^ 1 ^™)^' 

which goes to as n goes to infinity because kQ G X C Stab(ii). Since B C L(Stab(/i)), 
we get the result. □ 

Lemma 13.61 will be used by the means of the following proposition. 

Corollary 3.7. Let Y rx N be any action, and put Mq = N x F. 

IfQc pMqp is a diffuse von Neumann algebra such that Q -<Mo LT, for an almost mal- 

normal subgroup EcT (Definition \1.3\) . then P -<Mo iVxS, where P = QM p M p(Q)" ■ 

Proof. Use the notations of Lemma 13.61 and take n > 1 such that £ is n-almost 
malnormal. Since Q is diffuse, one has Q -^m £(Stab(Jo)) for |/o| > n because 
Stab(/o) = ^gE&iod^d 1 1S finite. Hence one can consider a maximal finite subset 
Lx c I = r/S such that £ G l\ and Q -< Mo ^(Stab(Ii)). 

But as explained in [281 Remark 3.8], there exist projections go G Q, po G L(Stab(Ii)), 
a *-homomorphism ip : qoQqo — > pQL(Stab(Ii))pQ, and a non-zero partial isometry 
v G qqMqPq such that xv = vip(x), for all x G qoQqo, and 

4>(qoQqo) 7^L(stab(/i)) -^(Stab(/i u {i})), 

for all i E L\L%. 

By Lemma [3.61 this implies that v*Pv C QMp M Q p Q {'^{%Q ( lo))" C N x Norm(ii). 
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Therefore P <m N x Stab(Ji), because Stab(ii) < Norm(Ji) is a finite index sub- 
group. But by assumption £ G I\, so that Stab(Ji) C E. □ 

Proof of Theorem \3.4\ To simplify notations, we assume that p = 1 ; the proof is ex- 
actly the same in the general case. 

Suppose that (1) is false, that is, no corner of P embeds into A x S inside M, for all 
S G 5. We will prove that Q -<a/ PT. 

First, a classical convex hull trick (as in the proof of Lemma 5.2 in [19]) implies that 
there exist a non-zero partial isometry v o 6 M such that for all x G Q, xt^o = uoO!i (a;). 
In particular, is Q-at (Q) finite. 

Now we show that there exists a non-zero element a 6 M which is (5-«i(Q) finite. To 
do so, observe that if v G M is Q-ott(Q) finite for some t > 0, then for any d G Nm(Q), 
the element ctt((3(v*)dv) is Q-ot2t(Q) finite. The following claim is enough to prove the 
existence of a. 

Claim. For any nonzero element v G M, there exists d G Mm{Q) such that f3(v*)dv ^ 0. 
Assume by contradiction that there exists av ^ with (3(v*)dv = 0, for all (f G Mm{Q)- 
Denote by (? G M the projection onto the closed linear span of {range(dv) \ d G 
Mm{Q)}- We see that /3(q)q = and q G P' n M. By lemma [331 since P -^m A >j T, 
for all S G 5, we have P' n M C M, so that q £ M and /3(g) = Hence g = 0, which 
contradicts the fact that q > vv* ^ 0. 



Considering the Q-a±(Q) bimodule span(Qaai(Q)) , we see that a±(Q) -< A ^ Q. Let's 
check that this implies that Q ~<m LT. 

Reasoning again by contradiction, assume that Q -/<m LT. Popa's intertwining lemma 
12.11 then implies that there exists a sequence (w n ) C U{Q) such that for all x,y G M, 
lim n \\E Lr (xw n y)\\ 2 = 0. 

We claim that lim n \\EM(xcti(w n )y)\\2 = for all x,y G M. By a linearity /density 
argument, it suffices to prove this equality for x = (a (g) b)u g and y = (c<8> d)v,h, with 
a, b,c,d £ A, g,h £ T. Now writing w ra = X^fcer x k,nUk, an easy calculation gives 

Pa/ (aa gh (c) (g) ba g {x k ^ n )a gk {d)) u gk hj 

= ^2 W aa 9k( c )\\2 \T{ba g (x ktn )a gk (d))\ 2 

k 

< X] H a ll~H C ll2 \ T {b0-g(x k , n )0- gk (d))\ 2 
k 

= \\ a \\ 2 oo\\ c \\2\\ E Lr {{bu g )w n d) |||, 
which tends to when n goes to infinity. This contradicts cti(Q) -<»> M. 

For the moreover part, assume that fPj and are not satisfied. By Proposition 
13.71 since (2') does not hold true, we get that Q -^m LY> for all £ G S. Furthermore, 
the first part of the theorem implies that Q -<m LT. Now, proceeding as in the proof 
of Theorem 4.1 (step 5) in |20j . one checks that Lemma 13.51 implies the result. □ 

3.3. Position of rigid subalgebras in M w . In view of studying property Gamma, 
our goal is now the following theorem, that should be compared to Theorem 3.2 of 

Theorem 3.8. Assume that ir is mixing relative to a finite family S of almost mal- 
normal subgroups ofT. Let uj G /3N\N and let B C M w be a von Neumann subalgebra 



\\E M (xai{w n )y)\\l = 
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such that the deformation converges uniformly to the identity on (-B)i- Then one of 
the following holds. 

(1) B -< M » CI ; 

(2) B cA w ; 

(3) B' n M < M A x E, /or some E G 5 ; 

(4) B'DM < M LT. 

Before proving the theorem we recall some terminology and give a technical lemma, 
which is the first part of Lemma 3.8 in |29j . 

A subset F of V is said to be small relative to S if it is of the form U^gjEj/jj, for 
some <7i,--- ,g n ,hi,--- ,h n £ T, and Ei,--- , E n £ 5, We denote by S s the set of 
all such small sets. For any F C T, denote by Pp G B(L 2 (M)) the projection onto 
span{an 9 | a G A, (7 G F}. 

As observed in the proof of Lemma 5.5 in [23J, though Pp might not restrict to a 
bounded map on M (for the norm || • ||) for any F, it restricts well to a completely 
bounded map whenever F is a finite union of giTiihiS with gi,hi G T, and each Ej < T 
being a subgroup. Indeed, if F = <?E/i, then Pf(x) = u g E A*j:( u g xu t) u h * s completely 
bounded on M. Now if F = U™ =l Fi, with Fi = gjEj/ij, then the projections Pp t 
commute and Pp = 1 — (1 — Pp x ) •••(!. — Pfjv) is completely bounded as well. 

Lemma 3.9 (Vaes, [29J). Assume that n is mixing relative to a family S of subgroups 
ofT. 

For a finite dimensional subspace K C AQC1, denote by Qk the orthogonal projection 
of L 2 (M) onto the closed linear span of (a b)u g , g £ V , a £ A, b € K. 
For every finite dimensional K C A Q CI, every x G (M)i and every e > 0, there 
exists F G S s such that 

\\Qk(vx)\\ 2 < \\P F (v)h + E, for all v G (M)i. 

Proof of Theorem \3.8[ The proof goes in two steps. In the first step, we show that the 
result is true if we replace condition (2) by 

(2') Ve > 0, Vx = (x n ) G B, 3F G S s : lim ||Pp(x n ) - x n \\ 2 < e. 
The second step consists in showing that (2') implies (2) or (3). 

Step 1. Assume that (1) and (2') are not satisfied. We will show that there exist 
t = l/2 n °, c> and z G M such that 

(3.a) \T(a t (u)z u*)\ > c, for all u G U{B' n M). 

Theorem 13.41 will then conclude. 

Denote by E C L 2 (M W ) the || • || 2 -closed span of {(P F (x n )) \ (x n ) G M u , F G S s }, and 
by P G B(L 2 (M U) )) the orthogonal projection onto E. One checks that P commutes 
with at for all t G M, and also with left and right actions of M. Moreover, P(L 2 (M U) )) C 
L 2 (M W ). 

Condition (2') being not satisfied, there exists x G B, with ||x||2 = 1 such that x ^ E. 
Then x- P(x) G L 2 (M W ) is non zero, and has a norm || • [I2 smaller or equal to 1. Fix 
e very small, say e = \\x - P(x)|||/1000 < 1/1000, and take y = (y n ) G M w such that 
\\x — P{x) — j/||2 < e. Also choose t = l/2 n such that ||at(x) — a; 1 1 2 < £■ 
Then y is easily seen to satisfy the following three conditions : 

• \\at(y) - vh < 3e ; 

• \\[y,a}\\ 2 < 2e, for all a G (B'nM)i ; 

• lim n -+ u \\PF(y n )h < e, for all F G S s . 



SOLID ERGODICITY FOR GAUSSIAN ACTIONS 13 

We show that to = 2£ and zq = E M (yy*) satisfy (3. a). 

Take u £ U(B'f]M). For all a £ M define 5 t (a) = a t (a) - E M o a t (a) £ MQM. Now, 
consider a finite dimensional subspace K C A © CI such that \\Qk (,$t(, u )) ~ 8t(u)\\ 2 < 
e/ lim n ||y n || 2 , where Qk is defined as in Lemma [3T9l Note that Qk is right M-modular, 
and that Qk ° Em = 0. We have 

II^Mz/lli = km- (8t(u)y n yn, 6 t (u)) 

n— yu 

w £ lim(<5 t (w)y n y*,QA:((5 t (u))) 
n— kj 

= lim ||Qjsr(^(n)y n )||2 

= lim ||QK(at(«)yn)||l 

~8e hm ||Qx(ynQ;*('"))|||- 
But by Lemma 13.91 there exists F £ S s such that for all n, 

||0jc(l/«at(«))||l < WMvM + e- 
Combining all these approximations and inequalities, we get on the first hand : 

(3.b) < lim ||P F (yn)||2 + 10e < He. 

rt—tu) 

On the other hand, Popa's transversality lemma implies \\ct 2 t(uy) — uy\\2 < 2||#t(uy)|| 2 . 
Since a 2t (u)y - uy « 6 e a 2t (uy) - uy, and 5 t (uy) «3e 5 t {u)y (for the norm || • || 2 ), we 
get 

\\aL2t(u)y - uy\\ 2 < 2\\8t(u)y\\ 2 + Vie. 

Hence 

\\a 2t (u)y - uy\\l < 4\\5 t {u)y\\ 2 2 + 48e||(St(«)y[| 2 + 144e 2 . 
But remember that \\x — P{x)\\ 2 < 1 and e < 1/1000, so ||y||2 < 2 and 144e 2 < e. We 
obtain using (3.b) 

\\a 2t {u)y - uyf 2 < 4||^(«)y||| + 200e < 300e. 
Developing \\a 2 t(u)y — uyllf, this implies 

T(a t() {u)E M (yy*)u*) = T(a 2t {u)yy*u*) > ||y||| - 150e 

> (\\x-P{x)\\ 2 -ef - 150e 

> \\x - P{x)\\l - 152e > 0, 

as desired. 



Step 2. Assume that condition (2') holds true, but conditions (2) and (3) are not 
satisfied. We will derive a contradiction. What follows should be compared to the 
proofs of Lemma 13.61 and Proposition 13.71 

Consider an element x £ B \ {A u x V) and put y = (y n ) = x — Ea^^t{x)- Remark that 
any element in B' D M commutes with y, because M C A u x V. 
By condition (2'), there exist £ £ S and g,h £T such that 

lim \\Pz(u g y n u h )\\2 ^ 0. 

Now put I = Use<s r/S. Since 5 is finite and its elements are malnormal subgroups 
in r, there exists a constant k > such that Stab(/o) is finite for all Iq C / with 

|/ | > K. 

Since y _L A u x T we get that lim^ ^\Pstab{i ){ u g'ynUh')^2 = for all g' , h' £ T whenever 
| Jo I > K - Hence there exist I\ C I finite, go, ho £ T such that 
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(3.c) lim u \\Pst^b(h)(ug y n u ho )\\2 = c> ; 

(3.d) lima, \\Pst a b(hu{i})(ug'y n Uh')h = °> for a11 * ^ J i> and sf , h> G T. 
Put e = c/5 and take F G 5 S such that ||y — {PF(Un))\\2 < £■ Recall that Pp is 
completely bounded on M, so that (Fp(y n )) is a bounded sequence in M. Write 
F = U • • • U g p Y> p hp as in the definition of small sets relative to S, and set 

p 

F = {h G r I 3i < p : /r^V 1 ^) e A} = (J U K^ig' 1 . 

Thus Fo is small relative to S. 

Claim. lim w HPstaM/x^^MyrOOIk = 0, for all x G M, £ G P r \F (£ 2 (M)). 
Since Pf(y n ) is bounded in norm || • || (and by Kaplanski's theorem), it is sufficient to 
prove this claim for x = u g , g G T and £ = Uh, with /i G T such that ^ ii 

for all 1 < i <p. Write y n = ^2 k€V y n ,kUk (and so PfGm) = Y^keF Vn,kUk) ■ We get 

ll-PstabC/oCWff-PFWw/i)!!! = II °fl(2/n,ik) u flftfcll2 

keFng- 1 Stab(/i)fe- 1 

= ^ llyn.g-ifch" 1 !!! 

fcesF/inStab(7i) 



< 



Vt%M~ x kh~ 



/ j \\Vn,g 
i=l V fe6ggi£i/iihnStab(Ji) 



Now, for z G {1 • • -p}, if the set Fi = ggiTiihih n Stab(Ti) is non empty, then it is 
contained in ki Stab(/i U {ii}) for fcj G Fj, i$ = /i _1 /i i " 1 (Sj) = /i~ 1 (/kT £j) ^ F. 
Therefore, 



i|2 ^ \ ~* ii ||2 

/ \\Vn,g- 1 kh- 1 112 — 2_> llVu^- 1 kikh,- 1 \\2 



fcG-F; fceStab(7iU{i;}) 

= ||F > Stab (/ lU {^}) (ttfe-l^S/raWft) || | 



which goes to 0, when n — > u), because of (3.d). So the claim is proven. 

Since (3) is not satisfied, Lemma 12.31 implies that there exists a sequence of unitaries 

v k G B' n M such that lim fc \\P G {vk)h = for all G G S s . 

Fix k such that \\PF (v k u ho )\\2 < suPn \\p F ( Vn )\\ ■ We S et for a11 n > 



Stab 



(/i)( u 90^»%)||2 < \\Pstab(h)(Ug vlPF(yn)VkU ho )\\2 + hn ~ Pp{Vn)h 



< 



\Pst a b(h){ug vlP F {yn)Pr\Fo( v kUho))\\2 + £+ \\y n - PF{y n ) 



By the claim, we can choose n large enough so that \\Pstab(h)( u go v kyn'Vk u ho)\\2 < 3e, 
and also || [vk, y n ] lb < £• Thus we obtain : 

Km\\PstMh)(ug ynU ho )h < 4e < c, 
which contradicts (3.c). The proof is complete. □ 

Remark 3.10. In fact, the above proof can be modified to handle the case where 5 
is not necessarily finite, but satisfies the following condition : there exists some n > 0, 
such that for all Si, ■ ■ • , E n G S, g%, ■ ■ ■ , g n G T with g^i / 9j^j (as subsets of T), 
the set n^gjEj^" 1 is finite. Theorem B will remain true under this softer assumption 
(but still requiring that the elements of S are amenable). 
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4. Proof of the main results 

We start with a proposition combining the spectral gap argument with Theorem 
1521 

Proposition 4.1. Assume that ir is mixing relative to a family S of amenable sub- 
groups of r and has some tensor power which is tempered. Then for any subalgebra 
Q C pMp with no amenable direct summand, one has 

P := Q'HpMp ^ M LT. 

If in addition the elements of S are almost malnormal in T, then 

P^mCI or MpMp(P)" -<M LT. 

Proof. Consider an amplification Q l C M with t = l/r(p), such that Q = pQ t p. 
Exactly as in the proof of Lemma 5.2 in [19], spectral gap lemmas 13.21 and 13,31 an d 
Popa's transversality argument imply that the deformation at converges uniformly on 
{Q 1 )' n M, and in particular on P = n M). Now, by Theorem 13.41 the position 

of P is described by one of the following situations : 

(1) M p Mp(P)" <M A >\ S, for some £ G S ; 

(2) P < M LT. 

But case (1) is impossible because Q C N P Mp{P)" has no amenable direct summand, 
whereas all the A x S, £ 6 5 are amenable. The moreover part is a consequence of 
the moreover part in Theorem 13.41 □ 

Proof of theorem A. As pointed out in the introduction, it is enough to show that if 
P C A is a diffuse subalgebra, then Q = P'nM is amenable. Hence consider q 6 Z(Q) 
a maximal projection such that qQ is amenable. Assume by contradiction that q ^ 1. 
Thus (1 — q)Q C (1 — q)M(l — q) has no amenable direct summand, and Theorem 14.11 
implies that (1 - q)(Q' DM) < M LT. Since P C Q' n M, we get (1 - q)P -< M LT. 
This contradicts the fact that P C A is diffuse. □ 

Proof of Theorem B. As in the statement of the theorem, assume that the representa- 
tion 7r has a tensor power which is tempered, and that ir is mixing relative to a finite 
family S of amenable almost malnormal subgroups of T. 
Consider a subalgebra Q C M such that Q -^m LT. 

Step 1. Construction of the projections p n . 
This is similar to the proof of [U Proposition 6]. Naturally, take for pq the maximal 
projection in Z(Q) such that p^Q is hyperfinite. Let us show that (1 — po)Z(Q) is 
discrete. 

Otherwise one can find a projection p £ Z(Q) with p < 1 — po such that pZ(Q) is dif- 
fuse. But pQ has no amenable direct summand, and the moreover part of proposition 
ED implies that either p(Q' n M) -< m CI or N p Mp(p(Q' n M))" -< LT. The first case 
is excluded becuase pZ(Q) is diffuse. The second case would imply that Q -<m LT, 
which is impossible as well. 

Thus we obtain (at most) countably many projections (p n )n>o such that poQ is hyper- 
finite, and p n Q is a non-hyperfinite factor for all n > 1. 

Step 2. For any n > 1, p n Q does not have property Gamma and is prime. 
An easy amplification argument implies that it is sufficient to show that any non- 
hyperfinite subfactor C M such that N -/{m LT is non-Gamma and prime. 

Non Property Gamma. Since N C M has no amenable direct summand, spectral 
gap lemma 13.21 implies that the deformation converges uniformly on N' n (M) w and a 
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fortiori on B = N' n N u . So we are in the situation of Theorem 13.81 

Assume that N has property Gamma. Then B ^ CI, and a classical argument implies 

that B is diffuse. Moreover, by definition of B, we have that N C B' D M. Since 

N -fi m LF and N is non-amenable, cases (3) and (4) case of Theorem 13.81 are not 

satisfied, so that B C A u x V. We will derive a contradiction from this fact. 

As in the proof of Proposition 7 in [T5] , we can construct a sequence of r- independent 

commuting projections p n £ N of trace 1/2, such that (p n ) £ N' n ./V w , and if C = 

{p n | n £ N}", then C" D N is not amenable. 

Now, take a non-zero projection q £ iJ(C" Pi iV) such that qC Pi iV has no amenable 
direct summand. By Proposition 14.11 we get that qC <m LF. 

At this point, remark that the sequence of unitaries w n = 2p n — 1 G U(C) converges 
weakly to 0, and that (w n ) £ N' P iV w C A u x F. The following claim leads to a 
contradiction. 

Claim. For all x,y £ M, lim n \\Ei,r(xqw n y)\\2 = 0. 

By Kaplanski's density theorem, and by linearity, it suffices to prove the claim for 
x = auh, y = but, for a,b £ A, h,k £ F. Write qw n = S 9 er a n,g u g an d let e > 0. 
Since (qw n ) £ A^ x F, there exists F £ F finite such that 

\\P F (qw n ) - qw n \\ 2 < .. £ nn ,, , Vn G N. 

2]|a||||b|| 

Now we have : 

||#£r(aiMgu>n)i/)[|! = X] l T ( ao 'fc( a ™,9) cr ^( & ))l 2 

g&F 

= ^2 \r{<7 h -i(a)qw n u* g a g {b))\ 2 . 

9 GF 



This quantity can be made smaller than e 2 /4 for n large enough, and we get that 
\\ELr( x Qw n y)\\2 < £ for n large enough. That proves the claim and gives the desired 
contradiction. 

B. Primeness. If N = Ni ®N2, then Ni and N 2 are factors, and one of them, say 
N\, is non-amenable. Hence Theorem 13.41 implies that ./V2 -<m CI or N -<m A x £ for 
some S G 5, or iV -<a/ LF. The only possible case is that ./V2 is not diffuse, and we see 
that N is prime. □ 

Remarks 4.2. 1) For the part about property Gamma, there is a shorter way to 
show that if N' n iV" C ^ w x F, then N' n iV w = C. Assume that x G A w x T is TV 
central. For all g £ F \ {e}, put x g = Ea^(xu*). We get for all a £ A, ax g = x g a g (a), 
and so x*x g a = x*x g a g (a). So if the action is free (i.e. if ir is faithful), we get that 
E A (x* g x g ) = 0. Thus x £ A u . But by strong ergodicity, N' n A w = C. We thank Cyril 
Houdayer for this shorter proof. However we prefer to keep the proof of Theorem B 
as it is because it does not use the commutativity of A, which will be useful later. 
2) The primeness result remains true if we replace the condition of being almost malnor- 
mal for the elements in 5, by being abelian. Indeed, in that case, write N = N\® N 2 , 
with N\ non- amenable. Then the second part of Theorem 13.41 does not apply, but 
by Theorem 14.11 we get that N 2 -<m LF. Assume that N 2 is diffuse. Since it is 
a factor, A2 -f^u LT,, for all E G S. A modified version of lemma [331 then gives 
N C M M (N 2 )" <m LF, which contradicts Ac N. 
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5. AN ADAPTATION TO THE CASE OF BOGOLIUBOV ACTIONS 

5.1. Statement of the Theorem. We first recall the main definitions on the CAR- 
algebra and Bogoliubov actions. We refer to chapters 7 and 8 in [10] for a consistent 
material on this topic. 

Consider a unitary representation (jr, H) of a discrete countable group T. Denote by 
A(H) the CAR-algebra of H. By definition, A(H) is the unique C*-algebra generated 
by elements (a(O)ce-ff such that : 

• ^ i — y a(£) is a linear map ; 

• a(£)a{r)) + a(r?)a(£) = 0, for all f , rj € H ; 

• a(£)a(ri)* + a(rj)*a(Q = (£,??), for all £,rj £ H. 

Moreover, for any unitary u £ B(H), one can define an automorphism 6 U of A(H) by 
the formula u (a(^)) = a(u£), and the map 9 : U(H) — > Aut(A(H)) is a continuous 
homomorphism for the ultra-strong topology on U(H) and the pointwise norm conver- 
gence topology in Aut(A(H)). Hence the representation tt gives rise to an action of T 
on A(H). 

Now consider the quasi-free state r on A(H) associated to 1/2 G B(H). By definition, 
r is determined by the formula : 

T{a{i m )* ■ ■ ■ a(£i)*a()?l) ■ ■ ■ a (Vn)) = ^ n ,m det((^-, rj k )). 

Then the von Neumann algebra Rh on L 2 (A(H),t) generated by A(H) is isomorphic 
to the hyperfinite Hi factor and r is the unique normalized trace on Rh- In addition 
the action of T on A(H) defined above extends to a trace preserving action on Rh, 
called the Bogoliubov action associated to it. We recall the statement of the theorem 
that we will prove. 

Theorem C. Assume that the representation tt is mixing relative to a finite family S of 
almost-malnormal amenable subgroups of V and has a tensor power which is tempered. 
Consider the Bogoliubov action T rx R on the hyperfinite II\ factor associated to tt, 
and put M = R x V. 

Let Q C M be a subalgebra such that Q -/<u LT. Then there exists a sequence (p n )n>o 
of projections in Z(Q) with Yl n Pn = 1 such that : 

• PoQ is hyperfinite ; 

• PnQ is a prime factor and does not have property Gamma. 

To prove this theorem, we proceed as in the Gaussian case. It would be too heavy 
to reprove everything in details, so we just give the main steps and tools of the proof, 
hoping that this is enough to convince the reader. 

5.2. The deformation of M. Denote by M = R x T, and put M = R x T, where 
r acts on R = Rh®h by the Bogoliubov action corresponding to the representation 
tt © tt. Since H = H®0cH®H one has R C R, and the action of F on R is the 
restriction of the action on R, so that M C M. 

On H © H define 6t and p as in section 13.11 These unitaries induce a s-malleable 
deformation (at, (3) of M. 

Before moving forward, we explain the main difference with the Gaussian case. 
Note that in M there is also a copy Rq of R coming from © H C H © H . However 
R is certainly not isomorphic to the tensor product R®R ~ R © Rq, because R and 
Rq do not commute to each other. To fix this problem we first check the following two 
facts, we will see later how to use it. 
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(i) The linear span of elements of the form ab with a G R, b G i?o forms an ultra- 
strongly dense subalgebra of R ; 

(ii) R and Ro are r-independent. 

Before proving the facts, we introduce some notations taken from [27, Exercise XIV. 5]. 
For a unitary representation (p,K), denote by 9-\ the automorphism of Rk induced 
by —id G U(K), and put : 

RK,ev = {x £ R K \ O-i(x) = x}; 

RK,odd = {x € Rk\ O-i(x) = -x}. 

Remark that Rk = Rx,ev © Rk, odd- Now point (i) follows from the easily checked 
relations : 

(iii) xy = yx for all x G R ev , y £ Rq ; 

(iv) xy = 9-\{y)x, for all x G i? odd , y G R . 

To prove (ii), take x G R, and y G Ro- If x G R ev , then 2 G Ro h-> r(a;^) is a trace on 
the factor i?o so it is equal to t(x)t, and we indeed get r(xy) = r(x)r(y). If x G i? dd; 
then r(xy) = r(0_i(y)x) = T(y9-\(x)) = —r{yx) = 0. But it is also true if y = 1 : 
r(x) = 0. Hence, in that case too, we get r(xy) = r(x)r(y). By linearity, this relation 
is true for any x G Rfj- 

5.3. Adaptation of the main ingredients and sketch of proof. We first check 
that the 2 main ingredients of the proof can be adapted : the spectral gap lemma and 
the mixing properties of the action. 

Lemma 5.1 (Spectral gap argument). If it is tempered, the following relation between 
M-M bimodules is true. 

L 2 {M) Q L 2 {M) C w L 2 {M) L 2 (M) 
Proof. We first show an intermediate step. 

Claim. If 7r is weakly contained in the regular representation A, so is the representation 
a = cr° on L 2 (Rh) C induced by the Bogoliubov action of n. 

To prove this claim, we need to check that for all £,77 G L 2 (Rh) Q C, the coefficient 
function (p^ v : g h-> {o~ g (£),r)) can be approximated on finite subsets of T by sums 
of coefficient functions of A. This will be denoted <p^ „ ^ A. By a linearity/density 
argument, we can assume that 

£ = a(Cn)* • • • a(£i)*a(?7i) • • • a(rj n ) and rj = rj - r(r/ ), 

with t]q = a(£i) • • • 0,(^1) a(r]' k )* ■ ■ ■ a(r/' 1 )* . Indeed in that case we will get that iph,k ~< A 
for all h G L 2 (R H ), k G L 2 (R H ) C, and in particular for h G L 2 (R H ) C. But a 
computation gives 



(a g (0,v) =1/2" W+^det, ^ 

- l/2 n S n , m det((r ?i , ^))l/2 l S k>l det((^, ^)). 

Developing the above determinant, we get a linear combination of terms that can 
be approximated by coefficient of finite tensor powers of A, plus a term equal to 
det((r^, £'•)) det((77j, if n = m, A; = /, and otherwise. Therefore this extra-term 
cancels with the second term of the above equality. 
So by Fell's lemma we get ip^ v ~< © ra A® n -< A, which proves the claim. 

Now we can prove the lemma. First, using the facts (i)-(iv) of the previous subsection 
one easily checks the isomorphism of M-M bimodules 

L 2 (M)eL 2 {M) ~Hi®H 2 , 
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with Hi = L 2 (R) <8 L 2 (fi ,cv) 9C® / 2 (r) and U 2 = L 2 (R, B- X ) ® L 2 (R 0Md ) (8 Z 2 (r), 
and the bimodule structures on Hi and W.2 given respectively by 

au g (x ® £ g) £ ft )6ti fc = aa g (x)a hg (b) (8 er fl (£) (8) 5 ffftfc , 

ati g (2; <8 77 <8 = aa g (x)0-i(a hg (b)) <8 a g (ji) (8 

a,x,b£R,££ L 2 (i? , ev ) OC, r/ G L 2 (i? 

,odd)i 9ih,k 6 r. 

We have to show that %j C„ L 2 (M) ® L 2 (M), for i = 1, 2. We do it only for % 2 , the 
case of "Hi being similar. By the claim above, we get that 

n 2 c w l 2 (r, 0_!) ® ^ 2 (r) ® ^ 2 (r), 

with an M-M bimodule structure similar to the one on %2- 

In fact, this last bimodule is seen to be isomorphic to L 2 (M) (3rL 2 (R, 6—1) ®rL 2 (M), 
and since R is amenable, we also have that L 2 (i?,0_i) C w L 2 (R) (8 L 2 (i?,0_i). But 
L 2 (R) <8 L 2 (R,6-i) is clearly isomorphic to the coarse bimodule. 
In summary, we get that % 2 C w L 2 {M) (8 L 2 (M). □ 

With a little more care, one could show that the conclusion of the above lemma 
remains true if one just assume that some tensor power of 7r is tempered. 

Lemma 5.2 (mixing property). Assume that ir is mixing relative to a family S of 
subgroups of T. Then the associated Bogoliubov action a n is mixing relative to S as 
well. 

Proof. This is Theorem 2.3.2(1) of [3] in the mixing case. The relative mixing case is 
treated in the same way. □ 

Now using the mixing property and relations (i)-(iv) of the previous subsection, one 
can imitate line by line the proof of Lemma 3.8 in [29], so that Lemma [3.51 and Lemma 
13.91 can be adapted to this context. 

Hence, all the material needed to prove Theorem 13.41 (the one about the position of 
subalgebras in M) admits an analogous in the setting of Bogoliubov actions, so that 
this holds true for these actions (under the same assumptions on ir). The reader may 
have noticed that there is a step in the proof that needs to be adaptecQ, but it all 
works thanks to the properties (i)-(iv) of the previous subsection. 

Now Theorem 13.81 (the one about the position of subalgebras in M w ) and then 
Theorem C can be proven exactly as in the Gaussian case. 
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